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The ultrafilter number and hm

Osvaldo Guzman

Abstract. 'The cardinal invariant hm is defined as the minimum size of a family of cpy,-
monochromatic sets that cover 2 (where cpin (x, ) is the parity of the biggest initial segment both
x and y have in common). We prove that hm = w; holds in Shelah’s model of i < u, so the inequality
hm < u is consistent with the axioms of ZFC. This answers a question of Thilo Weinert. We prove
that the diamond principle & also holds in that model.

1 Introduction

In [9], Geschke et al. defined the coloring cmin : [29]* — 2 given by cmin(x, y) = 0 if
A(x,y)iseven and Cpin(x, y) = lin case A(x, y) is odd (where A (x, y) is the length
of the largest initial segment that x and y have in common). They defined the cardinal
invariant hm as the smallest size of a family of cmin-monochromatic sets that covers 2¢.
Since every Cmin-monochromatic set is nowhere dense, it follows that cov(M) < hm
(by cov(M), we denote the smallest family of meager sets that are needed to cover
2%). However, the cardinal invariant hm may be much larger than cov(M) :

Proposition1[7,9] cof (N), ¢™ < hm (where ¢ = cifcis alimit cardinal and if ¢ = k*
then ¢ = k).

Above, cof (N) denotes the cofinality of the ideal of Lebesgue-null subsets of 2%.
Therefore, hm is bigger than all the cardinal invariants that appear in the Cichon
diagram (see [2, 3]). On the other hand, it is known that the inequality hm < ¢ is
consistent; in fact, it holds in the Sacks model [9] and in the Miller lite model [7].
It is interesting to compare it with the other cardinal invariants of the continuum. The
following is an interesting open problem of Thilo Weinert:

Problem 2 (Weinert) Is the inequality hm < v consistent?

Where v denotes the smallest size of a reaping family, i.e., the smallest size of a family
R ¢ [w]® such that for every A € [w]®, there is R € R such that either R €* Aor R c*
w\A. This problem is still open. Weinert made some interesting advances with respect
to the question in his thesis (and it was after reading the first chapters of his thesis that
the author became interested on the topic). In his thesis, he asked the following:

Problem 3 (Weinert) Is the inequality hm < u consistent?
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The ultrafilter number and hm 495

Where u denotes the ultrafilter number, the smallest size of a base of an ultrafilter'
in w. In this note, we will provide a positive answer to the question. Since v < u our
solution to may be viewed as a partial solution to the first problem.

In [13], Shelah built a model of i < u and we will prove that hm < u holds in that
model too. A variant of the forcing of Shelah was recently used in [5] by Chodounsky
et al. in order to show that the inequality f < u is consistent (f is the free sequence
number introduced by Monk, the reader may consult the interesting paper [5] for the
definition of f and will not be used in here).

Recall that an infinite family A C[w]® is an almost disjoint family (AD) if the
intersection of any two of its elements is finite and A is MAD if it is maximal with this
property. The almost disjointness number a is defined as the smallest size of a MAD
family. In the last part of the paper, we will prove that a = w; holds in the model of
Shelah. In order to prove that there is small MAD family in such model, we prove
that Hru$édk diamonds < holds in there. This is enough since Hrusak proved that &,
implies that a = w;.

We would like to point out that the following problem of Weinert is still open:

Problem 4 (Weinert) Is the inequality hm < a consistent?

This problem seems very hard since the only known method to construct models
of cof (N)< a is with the aid of templates (see [4, 15]) but this method does not seem
to help with the question.

In a recent work with Cruz-Chapital et al., we obtained a different prove that a = w;
holds in the model of Shelah mentioned above. In [12], it is proved that the Shelah
forcing strongly preserves the tightness of MAD families, which is a property that
guarantees us that certain type of MAD families are preserved (even in the iteration).
The proof from [12] and the one from this paper are complementary. On the one hand,
the argument of [12] is much simpler and it proves that there are tight MAD families
on the Shelah model. On the other hand, we get that &4 holds in that model.

We would like to mention that although the cardinal invariant hm is not very well
known, it is very interesting. We would like to mention some of the motivations for
studying this invariant. Given a polish space X and a continuous coloring ¢ : [X]?> —
2, define hm(c) as the smallest size of a family of c-monochromatic sets that cover
X. Note that hm = hm(cpin ). It turns out that hm and ¢y, are critical in the study
of continuous colorings, if ¢ : [ X]* — 2 is a continuous coloring such that hm(c)
is uncountable, then hm < hm(c)*. Furthermore, the study of the cardinal invariants
for continuous colorings has important implications in the study of the structure of
nonconvex closed subsets of the Euclidean plane. This and more very interesting and
deep results can be consulted in [7-9].

Our notation is mostly standard, with one important exemption. A tree T ¢ X<¢
is a set closed under taking subsequences and the set of branches of T (denoted by
[T]) is the set {f € X |Vnew(f tneT)}. If s, t € X°“, by s"t, we denote the
concatenation of s and ¢, if x € X, we will often write s”x instead of s™(x). Given a
tree T € X<“ and s € T, define sucy(s) = {x € X | s"x € T'}. Given n € w, the n-level

YFor us, all ultrafilters are nonprincipal.
There is also a continuous coloring cmax : [2¢]2 — 2 such that bm(c) < hm(cmax)-
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of Tis definedas T,, = {s € T'||s| = n +1}’ and let T, = U T; as well as T, = U T;.
i<n i<n

Note that if s = (xo,...,x,) € T, thens € T,.

2 Shelah’s forcing with respect to an ultrafilter

Given a partial order [P and an ultrafilter U, we say that IP ultradestroys U if P forces
that U is no longer the base for an ultrafilter. In [13], Shelah designed a forcing
to ultradestroy any given ultrafilter while causing “minimal damage” to the ground
model.

Definition 5 Let U be an ultrafilter. A set E={E, |n€w}cp(w) is called an
U-partition if E satisfies the following properties:

1. E is a pairwise disjoint family of elements of U* (where U* denotes the dual ideal
of U, ie., U* = {w\A | A eU}).
2. dom(E)= U E, €.

new

3. Each E, is nonempty.

In other words, E is an U-partition if E is a partition of some element in U such
that all of its classes are in U*. Given a € dom(E) we define [a]g as the unique E,, € E
such that a € E,,. Define Ag = {ag(n) | n € w}, where ag(n) = min(E,) and this set
will be called the leaders of E. We will always assume that if E = {E, | n € w} is an
U-partition and n < m, then ag(n) < ag(m).

Definition 6 Let Eand E' be two U-partitions, we say that E' <, E if every E’-class
is the union of E-classes.

Equivalently, E’ can be constructed by throwing away entire classes of E and
merging (i.e., taking unions) some classes of E (obviously, making sure that the new
classes are elements of U*). Note that if E’ <,,., E then dom (E) ¢ dom(E) and
Ap C Ag.

Definition 7 Let U be an ultrafilter. The Shelah forcing with respect toll (denoted by

S(U)) is the set of all p = (E,, Hy, Lov,, Hat, ) with the following properties:

1. E, is a U-partition (let A, = Ag,, ay(n) = ag,(n) and [a,(n)], = [ap(n)]g,).

2. Ifn e wthen {Lov,(a,(n)), Hat,(a,(n))} isapartition of [a,(n)], and a,(n) €
Lovy(ay(n)).

3. Lov, = {Lovy(ay(n)) | n € w} and Hat, = {Hat,(a,(n)) | n € w}.

. If m ¢ dom(E,) then Hy! :p4pnm o

5. Hp={H}' | m¢dom(E,)}.
Given p, g € S(U), define p < q if the following holds:

L E, <part Eq (so Ap € Ay).

2. Ifae Ay (soae Ay and its class was not thrown away) then Lov,(a) € Lov,(a)
and Haty(a) € Hat,(a).

S~

3T, is often defined as {s € T | |s| = n}, but for our purposes, it will be better to define it the way we
did.
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3. If a € A, and there is b € A, such that b < a and a € [b], (so the class of a was
merged with a previous class) then we have the following:
(a) Ifa € Lov,(b) then Lovy(a) € Lov,(b) and Hat,(a) € Hat,(b).
(b) Ifa € Hat,(b) then Lovy(a) € Hat,(b) and Hat,(a) € Lov,(b).
4. Ifac Aj\dom(E,) and n € [a], then H} : 242" — 2 is defined as follows:
(a) H; may be any function (with domain 247 and codomain 2 of course).
(b) If f€2%"" and n € Lovy(a) then Hy(f) =Hy(f I a) and if n € Haty(a)
then Hy(f) =1-Hp(f I a). B
Letn ¢ dom(E,) and f : A, nn — 2. Define f : Ay n'n — 2 as follows:

f(b) if beA,
f(a) if b¢A,andthereisacA,nn
with b € Lov,(a)
f(b)=1{ 1-f(a) if b¢A,andthereisacA,nn

with b € Hat,(a)
Hi (f 1 (Apnb)) if b¢dom(E,)

(as defined in point 4 above)

5. Hy(f) = HZ(?) for every n ¢ dom (Eq).

Point 5 in the definition of p < g might be the hardest to understand. We can see an
example. Assume that 0,1,2,3 € A; and 4 ¢ dom (Eq) . Let p < g such that 0,2 ¢ A,
and 1 € Hat,(0) while 3 € Lov,(2). Let g, h € 24»™ given by g(0) = 0 and g(2) =1,
while #(0) = 1and 4(2) = 1. In this case, we have that g = {(0,0),(1,1),(2,1),(3,1)}

and h = {(0,1),(1,0),(2,1), (3,1)}.
In general, we need to argue that Hy, is well-defined (i.e., if f : Ay nn — 2, then

f:Agnn—>2,s0we are allowed to apply H q to f). We prove this in the following
lemma:

Lemma8 LetU be an ultrafilter and p, q € S(U) that satisfy points 1-4 of the definition
of p < q. If n is a natural number such that n ¢ dom (Eq) » then Hy, is well-defined.

Proof Letn € w such that n € w\dom (Eq) and f : A, nn — 2, we need to prove

that f is well-defined. Let b € A, N 1, we need to argue that f(b) is actually defined.
We proceed by cases:

Case9 bedom(E,).

Here, f(b) is defined by one of the first three clauses in the definition of f (if bis a
leader in E,, then the first clause applies, otherwise, either clause 2 or 3 applies).

Casel0 b¢dom(Ey).

Here, we have that f(b) = Hf, (f 1 (Ap nb)) and this is well-defined by point 4 of
the definition of p < g. ]
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Now, we define the following:

Definition 11 Let G € S(U) be a generic filter. In V [G], we define the generic real
Xgen as the set of all n € w such that there is p € G for which n ¢ dom(E,) and Hy, is
the constant 1 function.

We would like to mention that the term generic real may not be completely justified.
We do not know if the generic filter G can be reconstructed from x,., A

Recall that if p € S(U) and n ¢ dom(E,) then the domain of H}, is 24,07 Since we
can always throw away a given class, for every p € S(U) and for every n € w, there is
q < psuchthatn ¢ dom (Eq) and Hy is a constant function (this is the case if Ag N n
is empty). The following lemma follows from the definitions:

Lemma12[13] LetpeS(U),acAy,andn¢dom(E,).

Lpi-e (Lovp(a) c a'cgen) v (Lovp(a) Nigen=9).”

2. pI-* (Hatp(a) c xgen) v (Hatp(a) Nigen =0).”

3. There are qo, q1 < p such that the following holds: qo I “Lov,(a) € Xgen” and q; I+
“Lovy(a) NXgen =9.”

4. There are qo, q1 < p such that the following holds: qo I~ “Hat,(a) € Xgen” and qy I-
“Hatp(a) N Xgen = 90.”

5. Hj is the constant 1 function if and only if p I+ “n € Xgen.”

6. Hy, is the constant 0 function if and only if p I “n ¢ Xgen.”

>

Now it is possible to conclude the following:

Lemma 13 [13] S(U) ultradestroys U, in fact, both X¢en and w\%g.n are forced to have
infinite intersection with every element of U.

Proof We will prove that x,., is forced to intersect every element of U, the proof

for w\Xgen is similar. Let B € U, p € S(U) and 7 € w. It is enough to prove that there

is g < p such that q I+ “B N Xge, ¢ n.” Since dom(E,) € U, there is m > n such that

m e Bndom(E,). Since m € dom(E, ), we know there is a (unique) a € A, such that

m € [a],. Define a condition g with the following properties:

L g<p.

2. dom (Eq) = dom(E,)\[a],.

3. If b e dom(E,)\[a], then [b], = [b],.

4. If m € Lov,(a) then Hy is the constant 1 function, and if m € Hat,(a), then Hy is
the constant 0 function.

It is easy to see that g I “m € BN &gy, so we are done. [ ]
The following definitions will be frequently used:
Definition 14 Let p,q € S(U) and n € w. We define the following orders on S(U) :
L. p<yqifp<gand [ap(i)]p = [aq(i)]q for every i < n.

2. p<rqifp<,1gandap(n) =aq(n).’
3. p<yqifp<; ganddom(E,) = dom(E,).

4 This remark was pointed to us by one of the referees.
5Byp <_1 q, we simply mean p < q.
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In other words, p <, g, if p extends g and the first n-classes of E; do not get thrown
away nor they merge with other classes. Meanwhile, p <7 g if p <,,_; g and the n-class
of E; was not thrown away (but it could have been merge with other later classes). In
a similar fashion, p <};* g means that p <} g and no class was thrown away. Note that
P <y q means that p extends g and the 0-class was not thrown away. It is easy (but not
automatic) to see that these relations are transitive and symmetric. Note that if n < m
and p <,, g, then p <, q. A similar remark apply for the other relations.

Definition 15 Let g,r,q’,r' € S(U) and n e w. We say (q,r,q’,r") is an n-nice
sequence if the following holds:

1. g L r (ie., q and r are incompatible).
. If n < i then [aq(z)]q =[a,(i)],.
. q' <y gandr’ <1

2
3
4. If n+1<ithen [aqf(i)]q, =[ay(i)], .
5

. dom (Eq) \dom (Eq/) ¢ [ay(n)], anddom (E,) \dom (E,) € [aq/(n)]q, .
The incompatibility of g and r is not required for most arguments. However, most
of time we want to work using nice sequences, they will already be incompatible from
the beginning. Note that (g,r, g, ) is an n-nice sequence if and only if q and r are
incompatible and if # < i then [aq(i)]q =[a,(i)],.
We will also need the following notions:

Definition16 Let p € S(U),n € w and D € S(U).

1. Dis <,-dense below p if for every g <,, p thereis r <, g such thatr € D.

2. Dis <,-open below p if for every r such that r <,, p and r € D then q € D whenever
q<nt.

. Dis <,-open dense below p if it is both <,-open and <, -dense below p.

4. The same definitions apply for <}, .

w

In the above definitions, if D is <,-dense below 15(1(y (where Ig(yy is the largest
element of S(U)), then we will simply write “D is <,,-dense.” Similar conventions are
adopted for the other notions. Expressions like “D is <} -open and <, -dense below p,”
actually mean “D is <} -open below p and <}, -dense below p”

Note that if n < m and D is <,-open below p, then D is <,,-open below p. The
following lemma is the base for several constructions in the paper:

Lemma 17 Let n€ w and q,r be two conditions such that (q,r,q,r) is an n-nice
sequence. Let Dy be an <, -open dense set below q and D, be an <}, -open dense set below
r. There are q' € Dy and v’ € D, such that (q,r,q’,r") is an n-nice sequence.

Proof We first find g, <}, g such that g, € D,. Let S = (dom (Eq) \dom (qu)) U

([aql (n)]q1 \ [aq(n)]q) and note it is an element of U*. Let r; be any condition such
that:

*
Ln<g,r.

2. [arl(”)]rl =[a,(n)], US.
3. dom (E,,) = dom (E,).
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4. E,, and E, are equal on U{[agq,(i)]q, | n < i} (ie., for every x € U{[ag,(i)]q, |
n < i}, we have that [x]g, = [x]g, , recall thatif n < i then [aq(i)]q = [a,(i)],).

Now we find rp,<;r (so rp<;r) such that ryeD,. Let Z=
(dom (r)\dom (r2)) u ([ar,(n)],, \[ar(n)],) which is also an element of
U*. Let g, be any condition such that:

L g2 <) q.

2. [aqz(n)]q2 = [aql(n)]q1 uz.

3. dom (Ey,) = dom (E,,).

4. Eg4, and E,, are equal on U{[a,, (i)],, | n +1< i} (in the same sense as above).
Since g, <;, g1 and Dy is <}, -open, it follows that g, € Dg. Itis clear that (g, 1, g2, 12)

has the desired properties. ]

The axiom A structure in a forcing is very useful. Unfortunately, it does not seem
that S(U) has one (however, in [13] it was proved that S(U) is < w;-proper, so by a
theorem of Tetsuya Ishiu, [11] S(U) is forcing equivalent to a partial order with an
axiom A structure. Unfortunately, we were unable to take advantage of this result).
The purpose of the following definitions and results are to obtain a similar structure
to the one of an axiom A forcing.

Definition 18 We say T = (g, i), is a 1-fusion sequence if the following holds:
L. qo and r( are incompatible but E,, = E,,.
2. If i < w then {(q;, i, gi+1, ri41) is an i-nice sequence.

We will say T = (q;, ;)
points for every i < n +1.

i<ns1 18 a 1-finite fusion sequence if it satisfy the previous

Definition19  Let (p;),., € S(U) such that p;,, <7 p; for every i € w. We define the
limit of (pi);c,, as Lim ({pi);c,) = P = (Ep, Hp, Lov,, Haty) as follows:

1. dom(E,) = iyw [apm(i)]pi+l .
. [ap(i)]EP = [aPiH(i)]piH .

. Lov, (ap(i)) = Lovy,., (ap,.,(i))-

. Hat, (a,(i)) = Haty,,, (ap,,,(i)).
. Ifm ¢ dom(E,) then H)' = Hp .

G W N

Above we are not claiming that the limit is a condition. In fact, p = Lim (( Pi)ic w)
may not be in S(U) since it might be the case that dom(E,) is not an element of U.
Nevertheless, if p is indeed a condition, then p <} p; for every i € w. The following
result plays the role of a fusion sequence in an Axiom A forcing:

Lemma 20 If T =(qi,ti);., is a 1-fusion sequence in S(U) then there is p that
either is a lower bound of (qi),., or it is a lower bound of (r;) In fact, either

Lim ((i);c,,) € S (W) or Lim ({r),,,) € S(W).

Proof Assume q=Lim((qi);.,)¢S(U), we will that r=Lim((ri);,)
is a condition in S(U). In order to show this, we must first argue that
dom(Eg,) =dom(E;) udom(E,). If nedom(Ey)\dom(E;), we then may

i<w *
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find i € w such that n € dom (q;) \dom (q;+1). Since (q;, gi+1,7i> ri1) is i-nice then
nelay,,(i)],,  vla,, (i+1)],  sonedom(E,). Since dom (Eq) € Uand U is
an ultrafilter, it must be the case that dom (E,) € U. [
In the above case, we would say that Lim ({(g:),.,) (or Lim ((r;),.,) in case
Lim ((qi)iew) ¢ S(W)) is a fusion for T. For the case of <**the situation is simpler:
Lemma 21 If (pi),., S S(U) is a sequence such that p;,, <;* p; for every i € w then
there is g € S(U) such that q <}* p; forevery i € w.
Proof We claimthatg = Lim (( Pi); Ew) is as desired. We only need to prove that g is
really a condition. In order to achieve that, it is enough to prove that dom (Eq) e U
Since the sequence (p;),.,is < *-decreasing, it follows that dom (Eq) =dom (Epo)
and we are done. [

We will need the following definition:

Definition 22 Let p e S(U),n > 0and h : n —> 2. We define p[h] as the condition
extending p with the following properties:

1. Dom (Eppu)) = Dom(Ep)\iL<Jn [ap(i)]Ep :
2. If m € Dom (E(;,}) then [m] () = [m], .
3. Ifa € Appp) then Lovyppy(a) = Lovy(a) and Hat,,)(a) = Haty(a).
4. If i < n then H;‘[’ }(1]) is the constant function with value h(i).
In other words, p[h] is obtained by throwing out the first n-classes and tell their
leaders to “follow h”

The following lemma (which we leave to the reader) is very easy, yet it will be often
used in future arguments:

Lemma23 Letn e wandp,qeS(W)suchthatq <} p.Ifh e 2", then q[h] < p[h].
We have the following:

Lemma 24 Let p € S(U) and n > 0. The set {p[h] | h € 2"} is a maximal antichain
below p.

Proof Leth,g 2" with h # g, we will see that p[h] and p [¢] are incompatible. Let
i < n such that h(i) = 0 and g(i) = 1. In this way, we have that p[h] I ¢ X,.,” and
p[g] IF“i € Xgen, so this two conditions are incompatible.

We now need to prove that the set { p[h] | h € 2"} is predense below p. Let g < p,
take r < g such that for every i < n, either r IF"i € Xg,,” or 7 I-i ¢ X4,,” Define h :
n — 2 such that k(i) = 1if and only if -7 € Xg,.” It follows that r < p[h]. ]

We now define the following,

Definition 25 Let D ¢ S(U) be an open dense set below p and n > 0. We define
D(p,n)={q<;p[Vhe2"(qlh] e D)}.
We now have the next result,

Lemma 26 If D € S(U) is an open dense set below p and n > 0, then D (p, n) is <j;-
open dense below p.
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Proof We first show that D(p, n) is <};-dense below p. Let g <* p and enumerate
2" = {h; | i < k}, we can then recursively find a sequence (g;),_,,, with the following
properties:
L qo=q.
2. (qi)<psy I8 <5, -decreasing.
3. di+1 [h,] e D.

It is then easy to see that g, € D (p,n). Finally, D (p,n) is <}-open, since
whenever r <} g then r[h] < g[h] for every h € 2". |

i<k+

With these results, we can finally prove that Shelah’s forcing is proper.
Proposition 27 [13]  If W is an ultrafilter, then S(U) is a proper forcing.

Proof We will prove that S(U) is proper. Let M be a countable elementary submodel
ofsome H (k) and p € M. Let {D,, | n € w} enumerate all open dense subsets of S(U)
that belong to M. For every n € wlet D,, (p,n) = {q < p| Vh € 2" (q[h] € D)} . We
know that D,, (p, n) is <%-open dense. It is also clear that each D, (p, 1) is an element
of M. Using Lemma 17, we can construct T = (q;,1;),_,, a 1-fusion sequence with the
following properties:
L TcM.
2. do>To é{p _
3. ginn€D;(qi,i)and iy € D; (r;, i) for every i € w.

It is easy to see that if p is a fusion of T, then p will be an (M, S(U))-generic
condition extending p. ]

i<w

Recall that a forcing P has the Sacks property if for every p ¢ P and f such that
pI-f € w®) there are g < p and a sequence S = (S,,), ., € V such that S, € [w]?"
and qI-“f(n) € S,” for every n € w. We will soon prove that S(U) has the Sacks
property.

Definition 28 Let P be a partial order, p € P and x a P-name for an element of w®.
Define x [p] =U{t e 0 | p I “t <x”}.

In case x is forced to be a new element of w® (which is often the case we are
interested in), we will have that x [p] € w<“.

Definition 29 Let p € S(U) and x such that p IF“x € w®” We say p is x-nice if p[h]
determines x | n for every h: n — 2.

We now have the following:

Lemma 30 [13] Let f be a S(U)-name for a new element of w* . The set of all f-nice
conditions is a dense set.

Proof Let peS(U) and 7 € w. Define D, = {g<p|3se " (q-f I (n+1) =
s”)}. Clearly D,, is an open dense set below p, so by Lemma 26, we get that D,, (n, p)
is <}, -open dense.

Let go, ro < p be two incompatible conditions with E,, = E,,. Using the previous

remark and Lemma 17, we can construct a 1-fusion sequence T = (g, 1;),.,, such that
qi+1>Tis1 € D; (i,p)'for every i € w. By Lemma 20, let p be a fusion of T It follows
that p < p and p is f-nice. |
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With this result, we can conclude the following:
Proposition 31 [13]  If U is an ultrafilter, then S(U) has the Sacks property.

Proof Let f be an S(U)-name for a new real and p € S(U). By the previous result,
we can find g < p that is f-nice. For every n € w, define S, = {m | 3h € 2"*'(g[h] IF
“f(n) =m”)}. It follows that S, has size at most 2"*' and g I-“f(n) € S,,” This
finishes the proof. ]

Most of the arguments in this section were based on the ones of [13]. Instead of our
fusion sequences, Shelah used games to prove the properness and the Sacks property.
We decided to use the fusion sequences instead of games because it will be easier to
work with sequences rather than with games when dealing with the iteration.

3 Forcing with S(U) preserves c,;,-covering

It is easy to see that if X € 2¢ is cpin-monochromatic, then the closure X is also Coin-
monochromatic. In this way, hm is the smallest size of a family of ¢ -monochromatic
closed sets that covers 2. We will say that a tree T' € 2<“ is Crin-monochromatic if [ T ]
is Cmin-monochromatic. This means that T either only splits at odd levels or at even
levels.

Definition 32 We say that a forcing notion P preserves cmin-covering if for every
p € P and for every P-name X for a real in 2%, there are g< p and T € V a cCpin-
monochromatic tree such that g I+ “x € [T].”

Recall that if P is a partial order, p € P and x a P-name for a new element of 2¢,
we defined % [p] = U {t € 2<“ | p I+ “t € %7} . Since % is forced to be a new real, then
x [p] € 2“. Note that for every p € P there are g, 7 < p such that % [q] and x [r] are
incompatible elements of 2<“. In this section, we will prove that Shelah’s forcing S(U)
preserves Cpin-covering. We will deal with the iteration in later sections. For the rest
of this section, fix x a S(U)-name for a new real. Recall that a condition p is x-nice if
p[h] determines x | n for every h: n — 2.

Definition 33 Let p € S(U), define S, (%) = U {x [p[h]] | he2°“}.

It is easy to see that if p is x-nice, then S, (%) isa treeand p I+ “% € [S,(x)].” Recall
that a tree p € 2°“ is a Sacks tree if for for every s € p there is t € p such that s € t and
t is a splitting node of p (i.e., "0, ¢"1 € p). Since % is a new real, S,, (X) is a Sacks tree.
Recall that the set of all x-nice conditions is a dense set.

Lemma 34 Let p be x-nice and n > 0.

L Ifh: n —> 2 then there is q <, p such that x [q[h~0]] and % [q [h"1]] are incom-
patible (as nodes in the tree 2<°).
2. There is r <, p such that x [r[h"0]] and % [r [h"1]] are incompatible for every h :

n—- 2.

Proof Let h:n —> 2 and since S, (x) is a Sacks tree, there must be h~0 ¢ g7, g§
and h”1¢ g, g such that both x[p[gd]] and %[p[gy]] are incompatible and both
x[plg)]] and x[p[g1]] are incompatible. We may also assume there is m such that
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all g0, g5, g0 and gj have m as its domain. There must be i, j such that x[p[g5]] and

%[p[g]]] are incompatible, with out loosing generality, we may assume i = j = 0. We
define the condition g < p with the following properties:

1. E; = Ep\{[ap(l)]P |1e(n,m)}.
2. If 1 € (n,m) and f : 24»7% () — 2 then the following holds:
(a) If f(ap(n)) = 0 then Hy* ™ (f) = gd(1).
(b) 1f f(ay(n)) = 1 then Hy" " (£) = g0(1).
Note that g [1~0] = p[g5] and q [h"1] = p[g?], so the result immediately follows.
The second part of the lemma is proved by applying iteratively the first part. =

We need the following notion:

Definition 35 Let p be an x-nice condition and n € w. We say that p is n-separating if
forallh,g:n+1—> 2then x [p[h]] and x [p [g]] are incompatible whenever h # g.
We say p is w-separating if it is n-separating for every n € w.

Note that if p is n-separating and g <, p then q is n-separating too (see Lemma 23).
For convenience, we will say that every n-nice condition is —1-separating.

Lemma 36 If p is (n — 1)-separating then D = {r <}, p | r is n-separating} is <}-open
dense below p.

Proof Note that D is <} -open by the previous remark, we will see it is also <} -dense
below p. Let g < p and by the previous lemma, we can find r <,, g (so r <}, g) such
that for that x [# [h~0]] and x [r [h"1]] are incompatible for every h : n — 2. Since
pis (n —1)-separating, r is n-separating. ]

We can now conclude the following:

Corollary 37  The set of all w-separating conditions is dense. Furthermore, if p is n-nice,
then there is q <), p such that q is w-separating.

Proof Let peS(U) be an n-nice condition, we will prove p has a w-separating
extension. We recursively construct a I-fusion sequence T = (q;,r;), ., with the
following properties:
1. qo and r, are two incompatible extensions of p with E,, = E,,.
2. Both g, r; are i-separating.

This can be done by Lemmas 17 and 36. It is easy to see that any fusion of T will
have the desired properties. [ ]

If s, t € 2°“ are two incompatible finite sequences, define cmin (s, £) to be the parity
of the length of the biggest initial segment shared by both s and ¢. Note that this is an
abuse of notation since the domain of cpip, is [2°]%. We will now define the following:

Definition 38 Let p € S(U), n € w and i < 2. The condition p is called (n, i)-faithful
if p is n-separating and cmin (% [p[h]],% [p[g]]) = i for every h, g € 2"*! such that
h+g.

If pis (n, i)-faithful and g <, p, then g is also (n, i)-faithful (see Lemma 23). Once
again, for convenience, we will say that p is (-1, i)-faithful if p is x-nice. We can finally
prove the main result on this section.
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Proposition 39 If U is an ultrafilter, then S (W) preserves Cmin-covering.

Proof Let x be a S(U)-name for a new element of 2¢. Fix a condition p that is w-
separating. Given n € w,q < pand h : n — 2,let I, () be the union of all the classes

[aq(m)]q with the following properties:

1. n<m.
2. For every function ge2”™ with the property that hcg, we have that

cmin (£[q[¢70]], % [q[g"1]]) = 1.

We will now proceed by cases, first assume there are g < p and h € 2<“ such
that I, (h) € U. Let r < g[h] such that dom (E,) = I, (h) and every H is a constant
function for [ € A;\A,. It is then easy to see that S, (%) is a I-monochromatic tree and
we are done.

Now, we assume that I, (h) ¢ Uforeveryq < pandh € 2“. Giveng < pandn < w
let F, (q) = {r <}, q | ris (n,0)-faithful }.

Claim 40 If qis (n —1,0)-faithful then F, (q) is < -open dense below q.

It is clear that F,.; (g) is <-open below g, we will now prove that it is also
<j,-dense. Let r <} g, we will extend r to a (n,0)-faithful condition. Every <}-
extension of g is n-nice, so by Corollary 37, we may assume that r is w-separating. Let
2" ={h;|i<k}.Weknow B =1, (h)u--ul, (hi)eU* (since each I, (h;) e U*
by hypothesis) and since B is the union of E,-classes, then there is m > n +1 such
that[a,(m)], n B = . Since a,(m) ¢ I,(h;), thenforevery i < k, thereis g; : m — 2
extending h; such that cyin (% [r[g70]], % [r[g71]]) = O (recall that r is w-separating,
so in particular it is m-nice for every m € w). We now define a condition #; with the
following properties:

L rn<,r.
2. dom (E,,) =dom (E,))\U{[a,(1)]; | n<I<m}.
3. If m < Ithen [a,(1)]; = [a,(1)];.
4. Ifn <l <mand f € 24179 (D) then Hfl’(l)(f) = g;(1), where i < k is (the unique)
such that f (a,(j)) = h;(j) for every j < n.
It is now easy to see that r; is (1, 0)-faithful, this finishes the proof of the claim.
We now recursively construct a 1-fusion sequence T = (g, r;),_, with the follow-
ing properties:
L. qo and r, are two incompatible extensions of p with E,, = E,,.
2. Both g; and r; are (i, 0)-faithful.
Let p be a fusion of T. It follows that p is an extension of p and S5 (x) is a
0-monochromatic tree. ]

4 Iterating the Shelah forcing

Our next task is to prove that if we perform a countable support iteration (P, Qq |
& < w,) such that for Py I+ “Qq = S(u )” for all & < w, (where U, is a P, -name for
an ultrafilter), then P,,, preserves cpin-covering. We do not know, in general, if the
iteration of forcings that preserve cpin-covering preserves cmin-covering, but we were
able to prove it in our case. In this section, we will prove some technical lemmas
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regarding the iteration that will be useful in the following sections. Right now, our
purpose is to extend our work with fusion sequences to every P,. We hope that the
material developed in this section will have more applications in the future, since
it provides a very convenient way to work with the iteration of forcings of the form
S (U) . Moreover, it should be possible to perform a similar analysis for other forcings
that do not have an axiom A structure, yet its main properties (like properness, not
adding unbounded reals. . .) are proved using games or trees (the first example that
comes to mind is the Grigorieff forcing of a P-point).

For the following sections, fix a countable support iteration (P, Q4 | & < w,) as
described in the beginning of the section.

<w

Definition 41 Let a < w,, F € [o]

1. Define p <g, q if p < q and for every f3 € F it is the case that p | B I “p (B) <, (p)

a(B).”
2. p <}, qif p < qandforevery f € Fitis the case that p | B I “p(B) <; 5y q(B).”
3. If o € TT 2P we define the condition p * 0 € P, as follows:
BeF
(a) Ifd¢ Fthen(p*a) 1 SI-“(p*a)(8)=p(5).”
(b) If e Fthen (p*a) 1 §1-“(p*0)(8)=p(8)[0(8)]” (recall that o (J) €
21(8)),

,H:F— wand p,q eP,.

In a similar way as before, define the following:

Definition 42 Leta < w,,Fe[a]™,n:F — w,pePyand D C P,.

L. Dis (F,n)"-dense below p if for every g <j. , p thereisr <}, q such thatr € D.

2. Dis (F,n)*-open below p if for every r such that r <; | p and r € D then g€ D
whenever g <j 1.

3. Dis (F, )*-open dense below p if it is both (F, ) *-open and (F, ) *-dense below

4. %is (F, n)-dense below p if for every g <p, p there is r <p, q such that r € D.

5. D is (F,n)-open below p if for every r such that r <p, p and r € D then g € D
whenever g <g , r.

6. Dis (F, n)-open dense below p if it is both (F, #)-open and (F, )-dense below p.

We use similar conventions as before. The expression “D is (F, 17)-dense” actually
means that D is (F,#)-dense below the largest condition (similarly for the other
notions). The expression “D is (F, 17)-open and (Fy, 71;1)-dense below p” is a shorthand
for “Dis (F, 17)-open below p and (Fy, 1)-dense below p” Note thatif F € Fy, 5 < 3 |
F;and Diis (F, 7)-open below p, then D is (Fy, #1)-open below p.

Let #: F — w, by  +1: F — w we denote the function given by (n +1) (&) =
1 (a) + 1. For i1, 175 € ¥, define ; < 172 if 1 () < 172 () for every a € F.

The following is the generalization of Lemma 23:

Lemma 43 Let o< w, Fela]™

oce [12"P* theng+o<pxo.
BeF

N F— w,p,q€Py such that q<;, p. If

If D € P, is an open dense set and F € [a]™, 5 : F — a, define Dg,, = {p € Py |

Voe [12"® (p+oeD)}.
deF
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<w

Lemma 44 Let D C P, be an open dense set, F € [a]™" and n:F — a. The set

Dg,y={reP,|Voe [127® (r+ o e D)} is (F, y)-open dense.
0€F

Proof We will first prove that D .y is (F, 17)-dense. Let p be a condition, enumerate

[127®) = {o; | i < k}. Recursively, we build {p;|i <k} such that the following
d0eF
holds:

L. po <Fy D-
2. pin <F,q Pi fori+1<k.
3. pi*0; € D.

This is easy to do. It follows that p € D and py <p,, p. It is easy to see that 51:,,, is
(F,n)-open. ]

We will recall a well-known forcing lemma that will be frequently used (for a proof,
see Lemma 1.19 in the first chapter of the book [14]):

Lemma 45 (Definition by cases) Let P be a partial order, A= {p, | a €k} CP an
antichain and {x, | a € K} be a set of P-names. There is a P-name y such that p, I+
“y =1%o forevery a € k.

The following technical notion will be frequently used:

Definition 46 Let M be a countable elementary submodel of H(x) (for some big
enough regular k) and « € M an ordinal. We say that L = {(F,,#,) | n € w} is suitable
for (M, a) if the following holds for every n € w:

. F, is a finite subset of M N a.

.F,CF, 1.

. |Fy| € mand |F,q| < |Fa| + 1.

. UF,=Mna.

new

o Fp — w.

. 77n < 77n+1 an

If f € M nathen (,(f)),., — oo.

new

N U s W

Note thatif L = {(F,,#,) | n € w} is suitable for (M, «) , then F,,, 11,, € M for every
n € w (however, it may be the case that L ¢ M). The following lemma is easy and left
to the reader:

Lemma 47 Let M be a countable elementary submodel of H(k), a € M and L =
{(Fn,nn) | n € w} suitable for (M,a). Let f € M n«, define F;, = F, 0,1, =#n |
Fland L' ={(F),%)) | n € w}. Then L' is suitable for (M, ) .

The following is the generalization of a 1-fusion sequence:

Definition 48 Let M be a countable elementary submodel of H(x) (for some big
enough regular ) such that P, € Mand L = {(F,,#,) | n € w} be suitable for (M, «) .
We say that a tree T € (P, n M)™“ (ordered by end-extension) is an a-fusion tree
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(with respect to M and L) if there are dT,w’ : T — P, and (¢I, uT),., a sequence
of P,-names such that the following conditions hold:

L |To| =landifs = (po,..., pu) € T, then pps1 <j, ,  pm for everym <n.
2. Ifse T, then sucr(s) = {dl, w!}.
3. If F,;,1 = F, and s € T,,, then dsT = wST (so s has only one immediate successor
inT).
4. Let n € w such that F,,;\F, # @. Pick y the (unique) element of F,,;;\F, and s =
(po>--->Pu) € Ty. The following conditions hold:
(@) sucr(s) ={al,wl}.
b) d] ty=w!ly.
() df tyw<dl(y)=én”andw! ty - “wl(y)=al”>
(d) dI ty (: wl} y) forces that ¢I, 4! are incompatible elements of S(Uy) but
Egr = Egr.
5. Assume s = (%0,...,pn),t: (pos--->Ph)>m=20(s,t)and y € Fpyi\F. If pyy |
y = pi, | y the following holds:
(a) In case F, # F,; the following holds:
i.dlty=dl tyandwl ty=wlty.
it d7 1y 1 (pa(y). £y (1), dT(y).dF (7)) is an 7, (y)-nice sequence.”
ii. wI Py “(pa(y), pl(y), wl (y), wl (y)) is an 1,,(y)-nice sequence.”
(b) In case F, = F,1, we have the following:
i.dlty=dlty.
i dl Ly (pa (), £, (7). 47 (1), d7 (7)) is an 1 (7)-nice sequence.’

Since this definition is crucial for the paper, we find it convenient to make the
following clarifications:

1. Weview d”,w! : T —s PP, as operators that help us define the immediate succes-
sors of anode of T. In this way, if s € T,, then the immediate successors of sare s™d
and s"w?. We also have that s”d! = s"w[ (so s has only one immediate successor)
ifand only if F,,y = F,.

2. Let n € w and y are such that y € F,,;\F,. If s € T}, then d[ (y) is forced to be ¢T
and w (y) is forced to be i1, Note that ¢! and i1] depend only on # and not in s.
In this way, if ¢ is also in T}, then d] (y) is also forced to be ¢! and w[ (y) is also
forced to be L. However, since ¢! and w7 (y) are names and not “real objects,’
it might be the case that d7  y and d] | y evaluate ¢! in very different ways (the
same for w! } yand wl | ).

. By “T is a fusion tree,” we mean that T is an a-fusion tree for some «.

4. In case F,;; = F,, we have no use for ¢! and . In the definition of a-fusion tree,
we could have asked that ¢ and 1] are only defined for the # € w such that F,,,; #
F,,. We did not do it this way because we thought it would only add extra complexity
to the (already quite complex) definition. In the paper, when we are building fusion
trees, we will simply leave this case undefined.

5. In the definition of fusion tree, we demanded that T € M, so the operators d* and

wT must always take values in M and the names ¢! and ] must always be in M.

w
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6. If T is a fusion tree, the operators will always be denoted by d” and w' and the
sequence of names will always be ¢ 1 and @] for n € w. However, if there is no risk
of confusion, we will simply write d, wy, é,, and i, instead of dT, wT, éI, and 7.

7. For the convenience of the reader, whenever there is a fusion tree around, every
occurrence of d,w, e, and u (with either subindices or superinduces) refer to the

operators of a fusion tree.

The definition of 1-fusion sequence from the previous section is essentially the same
as the one of a 1-fusion tree, the only difference is the presence for the elementary
submodel (in fact, the role of M is simply to help us with bookkeeping arguments, but
it really could be avoided if we wanted). If a tree T € (P, N M)~ of height k satisfy
all the above properties but only for n < k, we will say that T is an a-finite fusion tree
of height k.

Lemma 49 Let M be a countable elementary submodel of H(k), a e M,L =
{(Fu,na) | n € w} suitable for (M,a) and T < (P, n M)~ an a-fusion tree (with
respecttoMandL). Letn € wands = (po, .., Pn+1)>t ={(qo>--->qGn+1) € Tn1-If s # £,
then py.1 and qu.1 are incompatible.

Proof Let m = A(s,t), by point 4 of definition 48, we get that p,, and g, are
incompatible. Since p+1 < pm and gu41 < Gm, the result follows. [ ]

By the above lemma, given T ¢ (P, n M)™ an a-fusion tree, we could identify
each s = (po, ..., pn) € T with its last element. There is no risk of confusion by the
lemma. Using this identification, the order of the tree corresponds with the order of
P,. In this section, we will not use the identification, but it will be convenient in later
sections when the notation becomes even more involved (we will warn the reader
when we use this abuse of notation).

In order to use inductive arguments, we need to restrict an «a-fusion tree to a
lesser ordinal. The objective of the following definitions and results is to prove that
the restriction of a fusion tree is a fusion tree.

Definition 50 Let T be an a-fusion tree and f8 < a. Define ~4 a relation on T as
follows: given s = (pj,...,p}) and t = (pg,..., py), define s ~4 t if the following
conditions hold:
L. n=m.
2. pi 1 B=ptt Bforeveryi<n.

It is easy to see that ~g is an equivalence relation on T'. We now have the following:

Lemma 51 Let M be a countable elementary submodel of H(k), a € M and L =
{(Fu>1n) | n € w} suitable for (M,a). Let B € M n«, define F, = F;n f for every
i€w. Letnewands,ze T, suchthat s ~g z. The following holds:
LdsB=d,tBandws | f=w,|B.

2. (s7ds) ~p (2°d;) and (s"wy) ~p (2"wy).

3. IfF, \F, # 0, then ds | B+ w; | B.

4. IfF, \F, =0, thend, | B =ws | B.

Proof We will first prove point 1. Denote by A the ~g-equivalence class of s (and of
z as well, obviously). Let a = (p§, ..., p2) and b = (p},..., p’) be two elements of A
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and & < ar. We say that & is a disagreement point of a and b if the following conditions
hold:

L. There is m < n such that & € F,,.1\F,,.

2. Denote a = (p§,...,p% 1) and b= (p5,...,p%_ ;). Either p%, = dz and p’, = wy
or p® =wgand pb, = ;.
Note that if £ is a disagreement point of a and b, then 8 < & (this is because a ~

b). Denote by dis (a,b) the set of all disagreement points of a and b. The following
remarks are easy to see:

1. dis(a,b) is a finite set and f n dis (a,b) = @.
2. dis(a,b) =@ ifand onlyif a = b.
3. If A (a,b) = mand & € F1\F,y,, then & e dis (a, b).
We will say that a and b are near if dis (a, b) has at most one element. We will now
prove the following:

Claim52 Leta,be A. Ifaand b are near, thend, | f=d, | fandw, | f=w, | B.

Leta=(pd,....,pe)and b= (ph,...,p%) . If a = b, the claim is trivially true, so
assume that a # b. Let & € dis (a,b) and m € w such that & € F,,,;;\F,,. We claim that
a ~¢ b (in other words, p{ ' & = p’i’ b & for every i < n).

L. If i < m, then p? = p? (so p? } &= pb  &).
2. If i = m, then p? | & = p? } & by point 5(a) of Definition 48.
3. If i > m, then p? } &= p? } & because T is fusion tree and £ is the only point of

disagreement between a and b.

We will provide more details for the last point. We proceed by induction over i.
Assume that p? } &= p? } & for m < i < n, we will prove that p%,, 1 &€= pb, I & In
case F;,y = F;, the conclusion follows by point 5(b) of Definition 48. Now assume
that F;,; # F; and let & € F;,;\F;. Since § is not a disagreement point, by point 5(a)
of Definition 48, we conclude that p?,, | &= pb | I &

In particular, we get that p? } £ = pb } £ By point 5 of Definition 48, we get that
do 1 E=dy I Eandw, | E=wy | £ Since § < &, we conclude thatd, | B =d, | fand
wq I 3 =wp | B. This finishes the proof of the claim.

Claim 53 Leta,be Awitha # b. There is ¢ € A such that the following holds:

1. a and c are near.
2. |dis (¢, b)| < |dis (a,b)].

Let a=(pg,....p%),b=(ph,....p5),m= 2 (a,b), and &€ F,yyi\Fy. Define
c=(p§...,p5) as follows:
1. p¢ = p?fori<m(sopS = pb).
2. P = P
3. Leti > m,denotea = (p§,...,pf)andc = (p§,...,p5) . Let p§,, = dgif pf,, = dg
and p¢,, = wgif pt,, = wa.
Note that c is in the tree T since we are always taking the successor of a node in T.
It follows by the construction that A (a,c) = m and by point 5 of Definition 48, we
get that p¢ | £€=p¢ | £forall i < n, hence ¢ € A. It is clear that a and ¢ are near and
|dis (¢, b)| = |dis (a, b)| — 1. This finishes the proof of the claim.
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We can now finish the proof of the first point of the lemma. Recall that s ~g z and
we wanted to prove thatd | f =d, | fand w, | f =w, | 5. Now, by claim 53, we can
find a sequence (ay, ..., ay) such that for every i < k, the following conditions hold:
1. a;e€ A.

2. ag =sand ay = z.
3. aj4 is near of a;.

By Claim 52, we conclude thatds | f=d, | fand ws | B=w, | B.

The second point of the lemma follows by the first one, we will now prove the
third point. Assume that F),,\F, # @, we want to prove that d; | § # w; | 8. Let
y € F/,\F,. Since F,,, = F,;1n B and F, = F, n B, it follows that y < . By point 4
of definition 48, we know that d, and w; differ in the y component, which entails that
d | ﬁ #ws | ﬁ

We now prove point 4 of the lemma. Assume that F},,\F,, = #, we want to prove
thatd, | B =ws | B. If Fyy1\F, = @, it follows by point 3 of Definition 48 that d; = wy,
sods I B =ws I . Assume now that F,, .1 \F, # @. Let y € F,,;\F,. Since F, ,\F), = @,
it must be the case that < y. By point 5 of Definition 48 we know that ds | y = w, 'y,
which implies that d; | f = w; | B. ]

We can now make the following definition:

Definition 54 Let M be a countable elementary submodel of H(x) (for some big

enough regular cardinal k) such that Py € M,L = {(F,,%,)|n € w} suitable for

(M,a) and T ¢ (P, n M)~“ an a-fusion tree. Let f < a with 8 € M.

L. Define T ' B as the tree in IP;* obtained by restricting every condition of T'to .
In other words, if s = (po,...,pn) € T, thens' = (po ' B,....pa 1 B) e T 1 B.

2. Let s=(po>...,pn) € T and z=(po | B».... pn | B). Define d2 ¥ =d” } p and
wlF = wl B.

3. For every n € w such that (F,,;\F,) n B # @, let eIP - ¢l and wlth — wl

The operators d”'# and w”!# are well defined by Lemma 51. We need that the
restriction of a fusion tree is a fusion tree. This is the content of the following
proposition.

Proposition 55 Let M be a countable elementary submodel of H(k), a € M and L =
{(Fn,1n) | n € w} suitable for (M, a). Let f € M n«, define F,, = F, 0,1, =n, |
Fland L' = {(Fl,n}) |new}. IfT ¢ (Pyn M) is an a-fusion tree (with respect to
Mand L), thenT | B (]P’ﬁ N M)<w is a B-fusion tree (with respect to M and L').

Proof We already noted that L’ is suitable for (M,f). Let S=T I 8. For
this proof, we adopt the following convention: if s = (qq,...,q,) € T, define s’ =
(g0 t B,....qu | B) (we are not assuming this convention outside this proof, unless
when we mention it explicitly). Note that S, = {s" | s € T}, } for every n € w. We will
prove that S is a -fusion tree. The first point from Definition 48 is clear.

Note that for every s€S there may be many teT such that t'=s.
This is where Lemma 51 comes into play. It is easy to see that sucs(s) =
{x1B|3teT (' =sAxesucr(t))}. Point 2 from Definition 48 follows by
point 1 of Lemma 51. Point 3 of the definition of fusion tree follows by point 4 of
Lemma 51. Point 4 follows from the definition of T | f and Lemma 51.

https://doi.org/10.4153/50008414X21000614 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000614

512 0. Guzman

We will now prove point 5 of the definition of fusion tree. Let s = (pj, ..., p,) and
t=(pg,...,p,) twonodesin S,m = A (s,t),y € F,,,,\F), such that pS, | y = p!, | y.
now we need the following:

Claim 56 Thereare a = (pg,...,ps) and b= (pl, ..., p%) nodes in T such that:
La =sandb =t
2. m=24(a,b).

We proceed to prove the claim. First, note that if a’ = s and b’ = t, then A (a,b) <
m. We need to prove that we can realize the value m. In order to do that, it is enough
to prove the following: If a, b are such that a’ =s and b’ = t and m; = & (a,b) < m,
then there are a;, b; with the following properties:

L aj=s.
2. by =t.
3. mp< A (al, bl) .

Let & € Fyp,41\Fpm,. Since m; < m, it must be the case that § < £&. We now define
c={p.-.,p5) as follows:

L. If i < my, then p¢ = p? (so p¢ = p? as well).

2. Ifi = my, then pj, = pfnl.

3. If i >m, denote a = (p§,...,p%) and c = (p§,..., ps). Let p$,, =dz if p?,, =dg
and pi,, = weif pi,; = wa.

It follows that ¢’ = a’ (since f§ < & and by point 5 of the definition of fusion tree)
and m; < A (¢, b), so ¢ and b have the desired properties. This finishes the proof of
the claim.

We now return to prove that S satisfies point 5 of the definition of fusion tree. Using
the claim above, we pick a = (p{,..., p%)and b = (p},..., p}) such thata’ =5, b’ =
and m = & (a,b). Since p5, | y = p’, |y, it follows that p  y = p% | y. Recall that
dS=dl' t B,wS=wl t fandd’ =d] t B,w =w[ | B. Weneed to proceed by cases:

Case57 F, ,+F,.

In particular, we get that F,,.; # F,. Since T is a fusion tree (in particular, it satisfies
point 5(a) of Definition 48), we get the desired conclusion.

Case58 F, ., =F, andF,,, =F,.
In this case, we use that T satisfies point 5(b) of Definition 48 and we are done.

Case59 F,,, =F, andF,,, #F,.

n+l =

For this case, we must prove that d5 } y = d? | y. Since T satisfies point 5(a) of
Definition 48, we are fine in this case.
This finishes the proof that S is a fusion tree. ]

We will need the following lemma later on.

Lemma 60 Let M be a countable elementary submodel of H(k), f+1€ M and L =
{(Fn,1n) | n € w} suitable for (M, 3 +1) . Let T be a (S + 1)-fusion tree and n € w the
first such that 3 € Fyyy. Let m>n and s = (p,..., p5,) € Tm. There is a unique t =
(PG> --»Pp) € Tru such that & (s,t) = nand s ~p t.
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Proof Define t = (p{, ..., p’,) as follows:

L. If i < n, then p! = ps.

2. Ifi=mn,leta=(p},....,p5 ) (soa=(py,...,ph_1)). Let p}, € sucr(a) such that
t s

Pu # Pu- B
3. Fori>mn,lets=(pj,...,p5_;)andt = (ph,...,pi_,). Define p! = d;if p = drand

p: =ws lfpf = Ws.

We clearly have that A (s, t) = n and s ~g t. We will now prove that there cannot
be more that one. Assume that there is a = (p{,..., p%) € T, with the following
properties:
l.a+#tanda #s.

2. A(a,s) =A(t,s)=n.
3.p¢tB=pit B=pitpforeveryi<m.

By the above properties, we must have that n < A (a,t) . Let k= A (a,t) and & €
Fii1\Fk. Since n < k, wegetthat & # 8,50 & < 8. Wewillnow have that p¢, | | (§+1) #
Piy P (E+1), 50 p. 1 B # pi,y B> whichis a contradiction. [ ]

The following lemma will play a key role in our work:

Definition 61 Let T be an a-fusion tree and g € Py. We say q is compatible with T if
there is a Py-name for a (possibly new) branch R of T such that q IF“R € G” (where
G is the name for the P, -generic filter).

In the above definition, we are identifying a branch with its image. The following
result was inspired by the “properness iteration lemma” used to prove that the iteration
of proper forcing is proper (see [1, 14]).

Lemma 62 Let M be a countable elementary submodel of H(k), o, f € M with § < a
and T an a-fusion tree. Assume there is q € Pg that is compatible with T 1 f3. There is
i such that q"i € P, and q" is compatible with T. Moreover, if R is a Pg-name for a
branch through T | B such that q I-“R C G,” then there is R a Py-name for a branch
through T such that 9" I+ “R' € Go”and q"# = “R’ } B = R”(Gp is the Pg-name for
the generic filter of P and G is the Py -name for the generic filter of Py).

Proof We prove it by induction on «, the case « =1 follows from the argument of
Lemma 20. Now assume « = § + 1 and the lemma holds for §. We first tackle the case
of f=0.

Let G ¢ IPg be a generic filter with q € G. Find # the first natural number such that
B € F,,. For the moment, we work in V [G]. In V [G] define the following set:

H={seT|s!BeR[G]Als|>n}.

In other words, for every s = (po, ..., p1) € T we have thats € Hifand onlyif/ > n
and (po I B,...,p; I B) is an initial segment of the branch R[G] .

Claim 63 Ifm > n, then |T,, nH| =2 (in V [G]).

We prove the claim. Since R[G] is a branch, it follows that T,, 0 H has at least
one element. Let s = (pg,...,pm) € Tm N H, by Lemma 60, there is a unique =
(90> -->qm) € T suchthat A (s,t) =nandg; | f=p; | Bforeveryi < m.Itfollows
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that t € T, n H, so T,, " H has at least two elements. Furthermore, if there was
u=A{ro,....rm) € T, N H with u # s, we must have that A (s,u) = n (because if k =
A (s,u) # n, then ry | B would be incompatible with py | 8 by point 4 of Definition
48,50 ry | B and p,, I B would be incompatible, but this is a contradiction since
both are in the generic filter). Since t is unique, it follows that T,, N H has exactly
two elements.

It will be convenient to introduce some notation. Given K ¢ T, define Last (K) =
{s(|s| =1) | s € K}. In other words, Last (K) is obtained by collecting all the last
component of every sequence in K.

As we saw above, if s = (po,..., Pm)> -t =(qo>---»qm) € Tw N H and s # t, then
A (s, t) = n. Furthermore, by Lemma 49, we get that p; | S =¢q; | B for every i <
m. In this way, for every m > n there must be r,, € Pg and %, y»n two Pg-names
such that Last (T, " H) = {rp " Xm>"m" ¥m}- Since T is an a-fusion tree, then S =
({(&m) > (m)) s is forced to be a 1-fusion sequence. By Lemma 20 there is d a Pg-
name for a condition in S(U, ) that is forced to be a lower bound of either (x,,),,., or
(7m) msn (note however, that it could happen that we do not know which possibility
occurs without extending g). Clearly g a is the condition we were looking for.

Now, we consider the case where 3 < §. By the inductive hypothesis, there are
7 such that g; = g"7 € P; and R’ a Ps-name for a branch through T } § such that
q1 - “R’ € G4~ and Q1 ks “R’} P = R” Now, by the previous case, there are 7; such
that g, = g7 € Py and R aP,-name for a branch through T such that g, -, “R” ¢

G,” and q2 Fa “R” | § = R’” This clearly finishes the proof of this case.

Assume « is a limit ordinal and let (8,),., S M be an increasing sequence such
that U 6, = U (M na), we also assume f3 = §y and F,, € 8,,11. We do the following:

new

1. By the inductive hypothesis, we can find g; € Ps, and R, with the following

properties:
(a) Ryisa IP5,-name for a branch of the tree T' | 6.
(b) g1 1 8 = qo (Where g = q). . o
(© q I+ ‘Ry € G(;l and g I+ “‘Ry | 8 = Ry” (where Ry = R).
2. By the inductive hypothesis, we can find g, € Ps, and R, with the following
properties:
(a) Ryisa Ps,-name for a branch of the tree T' 1 6.
() g2 1 61 =q1. . .
(c) q2 IFR, G52” and q2 IFRy | 81 = Ry
n+l. Bytheinductive hypothesis, we can find g+ € Ps, ., and R, 41 with the following
properties:
(@) Ry, isa Ps,,,-name for a branch of the tree T' | §,,41.
(b) Qrwl 6 ={n- . .
(C) qn+1 I+ Rn+1 c G6 ”and dn+1 ”_“RnJrl i 6n = Rn-”

n+1

For every n € w, let R, = (p"),.,, - By construction, we have that p?*! | §, and p

are forced to be equal and g,,41 | 8, = qn. Defineq = Uag; and p; beaname for U p7.

1€ew new
Let R =(pi)cn> we claim that g and R’ have the desired properties. It is clear that
B=gandqI-“R' } =R’
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We will now prove that R’ is forced by g to be a branch through T. For every
mew,let R!, = (po,..., pm). We need to prove that g I-“R, € T” for every m € w.
Assume this is not the case. In this way, we can find m € w such that g I-“R, € T”
but g IL“R’,,, € T” (recall point 1 in Definition 48). In this way, we can find g; < g
such that g, IFp41 ¢ sucr(R.,)” Let r < gy and s € T such that r I-s = R’, > Since
sucr(s) is finite (has at most two elements in fact), we can find r; < rand £ e M n«
such that 7 I-“p,, 1 €+ x | & for every x € sucr(s). Pick n € w such that £ < §,. In
this way, we get that r; | §, forces that R’ is not a branch trough T | §,, but thisis a
contradiction.

It remains to prove that g I-“R’ € G, We need to prove that if i € w, then'q I-p; €
G4 Recall that § = U q; and p; be a name for U p”. By construction, we have that

icew new
qn IFp} € Gs,” for every n € w, so we conclude that g I-“p; € G, [ ]

The next task is to be able to extend finite fusion trees. We will need a preliminary
lemma.

Lemma 64 Let pePg,,Fe[f+1]",n:F — w and D C Pg,y be (F,n)*-open
dense below p. The set

L={relPs| Elz'c(r“:'c g PATXE D)}
is (F',n")"-open dense below p | B (where F' = FnBandn’ =n | F).

Proof We first show that L is (F’,5’)"-open below p | . Let g€ L and r <t 9
Since g € L, there is X such that ¢"x <} , pand q"x € D. It follows that r"x <j, | 9"X,
sor"x <p , p.Since Dis (F,n)*-openand q"x € D, we get that 7"t € D which implies
thatr e L.

We will now prove that L is (F’,’)"-dense below p | B. Let q <pry P I B, define

q1 = q"p(p) and note that g; <j ,, p. Since Dis (F, #)"-dense, thereis g, <} , q1 such
that g, € D. Letr = g, | B. It follows that r € L since g, = r"q2(f3). ]

We conclude with the following key result, which will allow us to keep extending
finite trees.

Lemma 65 Leta € M <H(k),L={(F,,n,)|n¢€ w} suitable for(M, a) and T an a-
finite fusion tree of height n. For every s = (pq, ..., pn) € T let Dy € M be an (Fy, 1,)" -
open dense set below p,. Then there is T with the following properties:

1. f is a a-finite fusion tree of height n + 1.
2. T is an end-extention of T.
3. Ifs=(po>...,pn) € T, then sucz(s) € Ds.

Proof We prove it by induction on «. The case « =1 follows by the argument of
Lemma 17. Now assume « = §+1 and the lemma holds for §, let S =T | 5. For
every m € w, let F,, = F,, n 3 and 7, = 1, | F,,. For the proof in this case, given
s={po>-..,pn) € T, wewilldenote s’ = (po | B,..., pn I B). There are several cases
to consider:

Case66 [ ¢F,.,.
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In this case, we have that F; ,, = F,,; and F}, = F,,. This is the easiest case since “f
has not come into play yet” We provide the details.
Lets=(py,...,p}) € T. Define

Li={qePp|3x(q X <p nﬂp;/\q"xEDs)}.

By Lemma 64, we know that L is (F,, #7,) " -open dense below p5, | B.

We now claim that if s = (po,...,pn)>t=(qo>.--»qu) € T and s # ¢, then s’ =
(po ! Bso-spu t Byand t' ={(qo I B,...,qn | B) are different. Let m = A (s,t), we
know that p,, L g, and since B ¢ Fp.1, it follows that p, ' S L gm | B (and in
particular, they are different).

By the remark above, for every z = (pj,...,p)) €S, there is an unique s =
(Pos---»pn) € Tsuchthats’ = z. We also know that L; is (F,, 11,,) " -open dense below
p’,. By the inductive hypothesis, there is a fusion tree T such that the following holds:
1. T is a B-finite fusion tree of height n + 1.

2. T is an end-extention of S.
3. If s € T,, then sucs (s") € Ls.

We now define the tree T as follows:

L. fis a tree of height n + 1.
2. T is an end-extention of T

Lets = (po,...,pn)

3. We know that d, T and w , are elements of L,. This means that there are x, and
¥s such that dT xs and ws, ys are <p. 1, ~€Xtensions of pn and are in D;. Define
dT dT“J'cs and w! = wl"j; (in case that F, = F,,; we have that F, = F},. The
definition of fusion tree demands that d; = w?. We take x; = y; so that we get
i =w]).
We need to prove that T is an a-finite fusion tree, but this is easy since T is a f-finite
fusion tree and f3 ¢ F,.;. This finishes the proof for this case.

Case 67 € F . \F,.

In this case, we have that F,,; = F, and F}, =
As in the previous case, for every s= (po,...,p;) €T, define L, = {qePg|
(q X <F, e Pn Mg "X € D )} Again, by Lemma 64, we already know that this set
is (Fn, n.,)" -open dense below pS, | B. Now, note that if g € L, and % is such that
q"X <g, ., Pnand q"x € D;, we can now take dand b be two IPg-names for conditions
on S(u ﬁ) such that g forces that they are incompatible extensions of %, yet E; and E;.
In this way, if g € L, we can find @ and b with the following properties:
L q F11 pnandqbgénqnpsn'
2. 44, q°b € Ds.
3.q“aLbAE;=E;”
The second point follows because D is (F,, 11,,) “-open below p%,.

In the same way as in the previous case, we have that if s=(p},...,p})
t=(ph,....p,) € T and s # t, then s’ # . Once again, for every z € S,, there is a
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unique s € T, such that s" = z. We also know that L; is (F, #1n)" -open dense below
5, I B. By the inductive hypothesis, there is a tree T such that the following holds:

L f is a B-finite fusion tree of height n + 1.

2. T'isan end-extentionof S.

3. Ifs=(pj,...,p5) € Ty, then d? = wl and it belongs to L (recall that F}, = F,, =

F, holds in this case).

Lets = (p,...,p5) € T, we know that s’ € T and sucz (s') has only one element.
Since d?; € L;, by the above remark, we know that there are d, and b, such that the
following holds:

L dsT,"ds <Ftin pnandd b, < <F, i -

dT Ac’zs,dT “b; € D;.

3. dT <G, L by A Eg4, = E;”

Recall that S, is an antichain (see Lemma 49). In this way, using Lemma 45, we can
find two Pﬁ names ¢! and ! such that if s = (p5, ..., p5) € T, then p%, | B II—“ r_
ds A u = b,” Define dT dT "eT and w dT "uT (which is the same as W - 'T)
Deﬁne the tree T as follows:

L. fis a tree of height n + 1.
2. T is an end-extention of T
3. Ifs = (po,..., pu) € T, then sucz(s) = {dT, wl'}.

It is easy to see that T has the desired properties. This finishes the proof for this
case.

Case 68 [f€cF,.

In this case, we have that F,,,; = F,;1\ {f} and F; = F,\ {B} .

Lets = (p,...,p) € T and note that there is a unique ¢ = (p},..., p}) € T such
that s’ = t' and s # t (see Lemma 60). Let z = s’ = ' (which is a node in S). Define L,
as the set of all g € Pg such that there are %, y with the following properties:

L g <pr o Py | P (recall that p5, + B = pj, | B).

2. k<, ,, Prandq y<g P

3. ¢ xeDsand q"y € D;.

4. g “(p5(B), pn(ﬂ) X, p) is an 17, (8)-nice sequence”.

We claim that L, is (F}, 11n) -open dense below p5, | B. It is easy to see that L,
is (), n.)"-open below ps, | B. The proof that it is also dense is more elaborate, we
basically follow the argument of Lemma 17. It will be convenient for the reader to
review the proof of this lemma before continuing.

Letr <, .. py | B, weneedtofindan<j, .. -extension thatisin L. Since r” p;, (B)
isan<p extens1on of p, and Dsis<p “dense below it, we can find r; € P and x
a Pg -name for an element of S(U,,) such that r{x <., Pnand 17X € Dg. Let U be
the name for the following set:

(dom (p5, (B)) \dom (x)) U ([ay, () 1 \[ay,(p) 1ps8)) -

Now, let 7 be the Ps-name for the extension of p’,(j3) obtained by adding U to the
11n(B)-class of the partition of p;, (). Note that r{ y < . p;,. Using the density of
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Dy, we can now find y; and g such that ¢”y, <;, 77y and "y, € D;. Let U, be the
name for the following set:

(dom(y)\dom (31)) U ([, (8 T3 \[dn.(8)]5) -

Now, let %; be the Pg-name for the extension of % obtained by adding Uj to the
#a(B)-class of the partition of x. It follows that g has the desired properties (note that
q"%z € D; since q"%; <, 17X).

For every z € S, we have the set L,. By the inductive hypothesis, there is a tree T
such that the following holds:

1. T is a B-finite fusion tree of height 7 + 1.
2. T is an end-extention of T".
3. Ifz€ Ty, then sucs (2) € L,.

We now define the tree T as follows:

L fis a tree of height n + 1.
2. T is an end-extention of T.

Lets=(p},....p5) t={(ph,....,p,) e Twithz=s"=1¢"
3. Incase F,, = F,11, we have that F), = F},; Since d! € sucs(z) € L., we know that
there are % and y with the following properties:

(@) dl < <t Pu 1B
(b) dl"i <5, phandd] y<i, pi
(c) dZT"fc € D; and dzT")’/ € D;.
(d) d;f I-“(p5,(B), pL(B). %, y) isan ﬂn(/)’)—nice sequence.”
Define d” =wl =dT "% and d” = w! = dI ~y.
4. In case F, # Fpy, first note that F, # F,,, as well (if y € F,.;\F,,, then y # 8 so

y € F, ., \F,). Since sucs (z) € L., we know there are X, o, X1, and y; such that
the following holds:

(@) d,w; <y 0 Py 1B

(b) dT "o, wl "y <F i P anddT yo,wT 91 <k Pre
(c) dT Xo € Ds,d “y0 €Dy andw "X € DS,WT 1 € Dy.

(d) dT I-“(p5,(B), pL(B), X0, y0) is an n,(B)- nice sequence” and w[

“(p3(B)> Ph(B), 1, ) is an 1 (B)- -nice sequence.”
We now define d! = dTAJ'co,wT =w! "% andd] —dT“)'/O,th —wT P

I+

We need to prove that T is an a-finite fusion tree. Points 1-3 of Definition 48
hold by construction, while point 4 holds since T is a -fusion tree. We now prove
that point 5 also holds. Let s = (p§,...,p5) .t =(ph,....,pL) e T,m= A (s, 1),y €
Fps1\Fm and assume that p5, |y = p!, 1 y holds. In case y = B (so m = n), we get the
desired conclusion by construction, if y < 8, we get the conclusion because T is a -
fusion tree. This finishes the proof for this case.
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We conclude that the result is true for successor ordinals.

Finally, assume « is a limit ordinal and the conclusion holds for every ordinal
less than a. Choose ff € M N« such that F,,; € 8. For the rest of the proof, if t =
(g0>--->qn) € T, we will denote t' = (qo | B,...,gx | B). By the same arguments as
before, it is easy to prove thatif s = (po,..., pn)>t={(qo,.-.,qn) € T and s # t, then
't

For every s = (po, ..., pn) € T, define the set

L= {q elPg | 3x (q“:'c é}n,"n PnANg X € Ds)} .

With the same argument as Lemma 64, we can prove that L; is (F,, 77,,) *-open and
(Fp, 11) " -dense below p,, | B.LetS=T | B.

For every s € S,,, we have L. By the inductive hypothesis, there is a tree T such
that the following holds:

1. T is a B-finite fusion tree of height n + 1.
2. T is an end-extention of S.
3. If s’ € Ty, then sucs (s") < Ls.

We now define the tree T as follows:

1. fis a tree of height n + 1.
2. T is an end-extention of T.
Lets = (po,....pn) € T.

3. Case F, = Fy;.Since d! € L, there s % such that d? "X <f, .y, Pnand d??c e D;.
Define dI = d? °x.
4. Case F, # F,,11. We know there are x and y such that dsT "x 5;,1,»1,, pn With dST

T

"x € Dy and alsow; "y <p . pu with wl “y e D,. Define dl =dI ~x and w! =

T
wg .
We need to prove that T is a a-finite fusion tree, but this is easy since T is a -finite

fusion tree and F,41 € 8 (so everything interesting happens before f3). This finishes
the proof for this case and the proof overall. [ ]

5 Preserving c.,,-covering at successor steps

With the tools developed in the last section, we can finally start the proof that
the iteration of the Shelal’s forcing preserves cmin-covering. The proof will be by
induction. The base case has already been done, we will do the successor step in this
section and the limit step in the next one. This proof takes inspiration in the result by
Geschke that the iteration of the Miller lite forcing preserves cmin-covering (see [7]).
For this section, assume « = § + 1 and x is the name of a real that was not added at the

B-step.

Definition 69 Let T and S be two finite subtrees of 2<“ and i < 2. We say that
Cmin (T, S) = i if for every maximal node t of T and every maximal node s of S the
following holds:

1. tand s are incompatible.
2. Cmin (£,8) = 1.
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Note that if cpin (T, S) = i and T and S are end-extentions of T and S respectively,
then cmin (T, §) = i holds as well. Recall that P is a partial order, y is a P-name for an
element in 2¢ and p € IP, we defined y [p] = U{¢t | p I- “t € "'} . Also remember that
if p € S(U), we defined S, (y) = U{y[p[h]]| he2°“}.

Definition 70 Let q € Pz and p a Pg-name for a condition of S(Uz) and n € w. We
say that q determznes D to the n-level if there is a tree ! (q) such that q I+ “r? (q9) =
U +[p[h]] | h e 21} >

The name above may be a little misleading, since q is not really determining p, but
the tree of possibilities of X to the n-branching level. However, we prefer this name
instead of something more descriptive, yet much more notationally complicated (like
“q determines S, (x) | Split,” or something similar).

By the results of the previous sections, we know that if g € Pg and p, is a Pg-name
for a condition of S(Us ), then we can find p, a Pg-name for a condition of S(Uj ) such
that g forces that p, is an extension of py, p; is w-separative and S, (k) is forced to
be a monochromatic Sacks tree (although we might not know of which color without
extending g first).

<w

Definition 71 Let q € Pg and p a Pg-name for a condition of S(Upg). Let F € [B]
and 71 : F — w. We say (q, p) is (F, 1, n, i)-faithful if the following holds:
1. g forces that p is w-separative and S;(x) is an i-monochromatic Sacks tree.

2. If g € [T 2" then g * o determines p to the n-level.
yeF

3.If 0,0 € [12"") and o # ¢’ then cm;n(Tf (g*0), ! (q*0")) =1 (where
yeF

! (q*0)and ! (q * ¢") are as in Definition 70).
It is important to remark the following:

Lemma 72 LetF e [B]™,n: F — wand (q, p) be (F,n,n,i)-faithful. If r <j 0 9
then (r, p) is (F, n, n, i)-faithful.

We will now prove the next lemma:
Lemma 73 Let (g, p) be (F,n,n+1,i)-faithful. There are p°, p* with the following
properties:
L (g, p ) and (q p ) are (F, n, n, i)-faithful.
2. q1-p° P <SSP

3. cm.n(T (g*0), TP (q*0)) =i whenever o € T] 2",
yeF

Proof Assume (g, p) is (F, 7, n +1,i)-faithful. Let p° be (the name of) the condition
obtained by merging [ai,(n)]p with [ap (n+ 1)]p and a; (n+1) € Lov,p) (ay(n))

and let p' be (the name of) the condition obtained by merging [ap(n)]P
with [ai,(n +1)]P and a; (n+1) € Hatpp) (ay(n)). It follows that (q,p°) and

(g, p') are (F,n,n,i)-faithful. It is also easy to see that if o € [] 270, then
yeF

Cmin(Tffo (q*a),T}f’l (q*0))=i. -
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We will need the following:

Lemma 74 Let (g, p) be (F, n, n, i)-faithful.

L. The set D={r<g, q|(r,p) is (F,n,n+1i)faithful} is (F,n)*-open dense
below q.

2. For every m € w with m > n, the set D, = {r <, q | (r, p) is (F, 5, m, i)-faithful}
is (F, n)*-open dense below q.

Proof Obviously the first point implies the second one. It is easy to see that D is
(F,n)"-open. We will now prove that D is (F,#)"-dense. Let g; <; , g and fix an

enumeration [] 27(*) = {Uj |j< k} . We can recursively build conditions ¢, . . ., g¥+!
yeF
with the following properties:
L (q}....,qF*") is an <(g ,)-decreasing sequence.
2. q) =
<41 = qi-

3. gi*! * 0; determines U {x (p[h]) | h e 2"*2}.

We claim that r = gk*! is the condition we are looking for. In order to prove
this, note that if j; # j,, then cmin(T%,, (g5 * 05,), T, (g * 0},)) = i because
T? | (q{“r1 * ajl) and TZ, (q{‘“ * ojz) are end-extentions of trees that already have
that property. [ ]

The following lemma is easy and follows from the definitions:

Lemma 75 Let (q, p) be (F,n,n,i)-faithful and y ¢ F. Define F' = Fu {y} and n’ =
nu{(y,0)}. The condition (q, p) is (F', 4', n, i)-faithful.

We will need one more lemma:

Lemma 76  Assume (q, p) is (F,n,n +1,i)-faithful. Let § € F and definen’ : F —
where ' (§) =5 (&) if &+ 8 and n' (8) = n(8) + 1. There is ps such that q - “ps <3*
p”and (q, ps) is (F, %', n, i)-faithful.

Proof Let p° and p' be as in Lemma 73. Now, define a S (U/;)—name P+ such that if

o€ 1270 then g * o I- “ps = pPOUIN” (In other words, if the last digit of o (&)
yeF

is k, then g * o I-“py = p*”). Tt follows that (g, p¢) is (F, ', n, i)-faithful. ]
We can now prove the most important result on this section:

Proposition 77  Let o = 3 + 1 and assume % is a P,-name for a real that was not added
by Pg. If 9" € Py, then there are q < q' and S € V a cyin-monochromatic tree such that
qI-“xe[S].”

Proof We may assume that there are g € Pg and p a Pg-name for a condition of
S(Up) such that g forces that p is w -separative, S 5 () is an i-monochromatic Sacks
tree (for some i < 2) and q' = ¢ p. Let M be a countable elementary submodel of H( k)
(for a big large enough regular cardinal ) such that «, g, p, Hﬁ, xeM.
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For every I < 3, define A; = {n | n =3 I} (where n =3 I means that » is equal to

mod 3). We now find L = {(F,,%,) | n € w} suitable for (M, ) with the following
extra properties:

1.
2.

Fo=Wand o =0.
Let n € w and assume F,, 1, are already defined, we will now define F,,; and #,,4;.
(a) Casen e A,.
Let Fp41 = Fy and 7,41 = 4.
(b) Casen e A;.
Let Fn41 = F, and there is a unique &€ F, such #,4 (&) =1, (&) +1 and
Nn+1(y) = na(y) for every other y € F,,.
(c) CasenceA,.
F,1\F, has size at most 1,%,.1 | F, =4, | F, and if y € F,;\F,, then
Mns1(y) = 0.
Define a tree Y ¢ 2<“ as follows:

.PeY.
.IfseY,and F,,; = F,,thens"0 € Y, .
.IfseY,and F,,, # F,, then s70,5"1€ Y, ..

It follows that if s € Y is a splitting node, then [s| € A, (but not every node whose

height is in A, must be a splitting node).

We will now recursively build a S-fusion tree T = {gq; | se Y} c M,{k, | nc w}

wand {p; | s € Y} ¢ M with the following properties®:

1.
2.

3.

ko =0.
qp < qand qg I-“py < p7 '
if s € Y,,, then (gs, ps) is (Fys 7> kp» i )-faithful. Define K (g;) = U{T%* (gs * o) |

oe I1 znn(y)}.
yeF,

4.1fse Y, and jesucy(s), thengs-; < qsand qe-j I-“ps-j <;* P

wu

.IfseYand j€sucy(s), then K (g-;) is an end-extension of K (g;) .
.IfseY and 570,571 € Y, then K(gs~0) and K (gs-1) are two end-extensions of

K (gs) and cmin (K (g5-0) K (gs-1)) = i.

. Let n € w and assume {q; |t e Y,},{k; |1 <n}, and {p; |t € Y,} have already

been constructed. We will now build the items for the nodes in Y,,,;. Let s € Y,,, we
will define gs~;, ks~; and pg-~; for I € sucy(s). We are assuming that {q; | t € Y, } is
a (finite) B-fusion tree and (qs, ps) is (Fu»> 4> kn, i)-faithful.
(a) Casen e A (recall that F,4; = Fyy, 1441 = 11, and sucy(s) = {0}).
Let ps~o = psand k41 = ky, + 3. We choose g5-o g;mnn qs such that (qs-0, ps-o)
is (Fn, 4y, kn + 3, 1)-faithful. This is possible by Lemmas 65 and 74.
(b) Case n € A (recall that F,,.; = F,;, 11,41 increases by one in just one point and
sucy(s) = {0}).
Let gs0=¢s» knt1=kn,—-1 and we find pso such that (gs,ps-o) is
(Fn, Mus1> kn — 1, 1)-faithful and g, IF“ps~o <kr ps” This is possible by
Lemma 76.

%In this proof, we will identify the nodes in a fusion tree with the value of its last component. As we

mentioned earlier, this is possible by Lemma 49.

https://doi.org/10.4153/50008414X21000614 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000614

The ultrafilter number and hm 523

(c) Casene Ayand F,yy = F,, (recall that 77,41 | F, = 57, and sucy(s) = {0}).
Let qs~0 = gs> kn+1 = kn and ps”O = ps‘

(d) Casen € Ayand Fpy; # F, (recall that|F,.1| = |Fy| + 1, 71,41 takes value 0 in the
new point and sucy(s) = {0,1}).
Let k41 =k, — 1. We use Lemma 73 to find p?, p such that the following
conditions hold:

i. (gs,p%) and (g, p) are (Fy, 11n, ky — 1, i)-faithful.
i g 90 Pl < B
iii. cmin(TrI:g (gs*0), Tfi (gs * 0)) = i whenever g € [ 21,
y€F,

We now apply Lemma 65 to find {q;~; | t € Y, A ] € 2} a B-fusion tree extend-
ing our current tree (in the statement of Lemma 65 we can take D; = P4 for
every t € Yy,). Let ps~o = p2 and py = pl.

Now that we have constructed T, it follows by faithfulness that K (g5) is an
i-monochromatic tree for every s € Y. Furthermore, we know that K (gso) and
K (gs-1) are two end-extensions of K (p;) and cmin (K (gs~0)>K (gs~1)) = i. In this
way, K = U K(g;) is an i-monochromatic tree, which is an element of V.

seY

By Lemma 62, there is g € Pg compatible with T and R a name for a branch
through T such that g forces R to be contained in the generic filter. In this way
P =Lim ({pris | n € @}) is a name for a condition of S(Uz) (since it is forced to be
the limit of a <**-decreasing sequence). Finally, r = ¢"p is an extension of g~ p and
rIF “x € [K],” which is what we desired the most. This finishes the construction and
the proof of the successor case. [ ]

6 Preserving c.,;,-covering at limit steps

The last task is to prove that the cmin-covering is preserved at limit steps of the iteration.
For this section, let « be a limit ordinal and x a IP,-name for an element of 2¢ that was
not added by any Pg for 8 < « (this entails that « has countable cofinality).

Given i < 2, define W; as the set of all p € [P, such that for every § < a and for every
q < p there are ¢’ < g and gy, q; with the following properties:

LgtB=aqitB=4q"1p
2. 90,14
3. cmin (X [qo], % [q1]) = i.
The following is Lemma 30 of [9] (in [9], the lemma is only stated for the iteration

of Sacks forcing, but it is mentioned that it is true for any iteration, see also Lemma
6.11 of [7]).

Lemma 78 [9] Both Wy and Wy are open and Wy U Wi is an open dense set.
We will need the following concepts:

Definition 79 LetF e [a] ™, n: F — w,i <2, = max(f) +1and p € P,.

1. Wesay pis (F, 1, i)-faithful if p € W; and for every g, ¢’ € ] 2" such that o # ¢
yeF

then cpin (X [p* o], x[p*0']) = 1.
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2. We say p is (F, #, i)-splitting at f8 if p is (F, 1, i)-faithful and there are p°, p' such
that:
(@) p%p' < p.
b) p°tB=p'I1B=pIp
(c) Ifo e ]'IZ () then Comin (x[po*a],X[pl*a]):

In the above case, we say that p° and p' witness that p is (F, 1, )-splitting at 3. The
following are some simple remarks:

Lemma80 LetFe[a]™,n:F— w,i<2 andpeP,.

L Ifpe W, then pis (4,0, i)-faithful.

2. Ifpis (F,n, i)-faithful and q <j, ,, p, then q is (F, 1, i)-faithful.

3. IfE ¢ Fandpis (F,y,i)-faithful then p is (FU {&} ,n U {(&,0)}, i) ~faithful.

It does not seem that the set of all (F,#, i)-splitting conditions is (F, #)*-open
(below an (F, n, i)-splitting condition). Nevertheless, they are open when we restrict
to an ordinal smaller than «.

Lemma 81 Let Fela]™ with f=max(f)+1Ln:F— w, i<2 and peP, be
(F, n, i)-faithful. The set D c P of all r € P for which there is 7 € Py, with the following
properties:

LrtB=r.
2.7<g, p(sor<g, ptp)
3. 7is (F 1, i)-splitting at 3.
Isan (F,n)*-open dense below p 1 f8.

Proof We first prove that D is (F, #7)"-open below p | . Let r € D and q € IPg such
that g <; , r. Let 7 as above and 7o, 7, witness that 7 is (F, 7, i)-splitting at . Define

Lg=q7" [ﬁ ).
2.99=9"70 I [B).
39 =9"n 1B a)

Note that g <y , 7as wellas q, <j , 7o and q, <j , 1. Since q <j. , 7 it follows that
q is (F, n, i)-faithful. It is easy to see that g,,q, witness that g is (F, 7, i )-splitting
at 5.

We will now prove that D is (F,#)*-dense below p ﬁ Take an enumeration
127 = {0 |j< k} We will recursively construct 7,4, q] qJ for j < k such that

yeF

the following conditions hold:
1. p =To.

2.1j1 Spy rjfor j+1<k.
3.9;<rj*0j.

4. q?,q} <q;
5.q51B=q;1p=1q;1p.

6. cmin(%[q7], %[q}]) =

7. Tjs1 % 0j = q; for j+ 1< j.
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The construction is as follows: we start with p =r. Since ro * gy < p and p €
W;, there is g, <o * 0o and qj,qh <q, such that gJ  B=qy 1 f=7, | B and
cmin(%[9], %[g5]) = i. Now, assume we are at step j, we will define the items at step
j+1. Wefirst find rj,; such thatrj,; <p, rjandrj, * 0j = qj. Since rj.1 * 0j11 S Tjp
and rj.) € W;, we know that there is g,, < 7j41 * 0j11 and q?w q}.H <4j,, such that
‘J?H B = ‘1;41 M= qj+1 I and cmin (k[q?+1],9'c[q}+l]) =i

Now, let g such that g <, rx and g * ox = q;.. We claim that g x 0; < g for every
j £ k. The statement is clear for j = k. Given j < k, we have that q <p , 71,50 q * 0} <
rj+1 % 0j = q; and we are done.

By the definition by cases lemma (Lemma 45), we can find 4, b two [Pg-names such
that if j < k, then the following holds:

L g*oji-‘a=qj1[8a)
2. q* 0 IFb = q; 1 [8,a)”

We now define p= (q I B)" p I [B, ). We claim that p is (F, 7, i)-splitting at .
Let po=(gq | B) "aand p; = (q I B) ~b, we will show that py and p; have the desired

properties.

It is clear that pg, p; <P, and po I f=p1 1 B=D | B. Now, let o € [T 2", we
yeF

need to prove that cmin (% [po * 0], % [p1 * 0]) = i. Let j < k such that o = g;. Since

q*0;j<q; we get that (po * 0;) 'B<q; Fﬂzq? ' B and (p; * 0;) PB<q;1B=

q; I B- It follows by the definition of @ and b that po * 0; < q; and py * g; < q}. Since

cmin()'c[q?],fc[q;]) = i, we get that cin (x [po * 0], X [p1 * 0]) = i. ]
We will now prove the following:

Lemma 82 Let Fe[a]™ with f=max(f)+1,7:F — w, i<2 and peP, be
(F,n, i)-splitting at 8. Pick & € F and define y’ : F —> w where ' (§) =5 (&) +1and
n'(y) = n(y) whenever y # &. There is r € P, with the following properties:

LriB=plpB.
2. ris (F,n', i)-faithful.

Proof We know that p is (F, 7, i)-splitting at 8. Let p° and p' witness that p is

(F, 5, i)-splitting at 8. For every a € [] 27(") and for each j < 2let g; € [] 27" such
yeF yeF

that 0;(8) = 0(B)"jand o;(y) = (y) for every y # B. Let a be a Pg-name such that

(p*oj) t BiF“a=p/ | [B,a)” forevery o € [T 2"") and for each j < 2 (such name
yeF

exists by the definition by cases lemma (Lemma 45)). The conditionr = (p | f)” a has
the desired properties. [ ]

We can now prove that the cmin-covering is preserved at limit steps:

Proposition 83 Let « be a limit ordinal and assume % is a Py-name for a real that
was not added by Py for every B < «. If p € Py, then there are q < p and S € V a Cyjn-
monochromatic tree such that q I+ “x € [S].”

Proof By Lemma 78, we may assume that there is i < 2 such that p € W;. Let M
be a countable elementary submodel of H(x) (for a big large enough ) such that
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o, Py, p,x e M. Let L = {(F,,nn) | n € w} be suitable for (M, a) with the following
properties:

For every I < 4, define A; = {n | n =4 1} (where n =4 | means that n is equal to !
mod 4). We now find L = {(F,,%,) | n € w} suitable for (M, «) with the following
extra properties:

1. Fp=Wand no = 0.
2. Let n € w and assume F, and 7, are already defined. We wish to define F,.; and

Nn+1-

(a) Casen e A,.

Let Fy41 = Fy and 71,41 = 4.
(b) Casence A,.
Let F,,41 = F, and there is a unique £ € F, such that 7,41 (§) = 1, (§) + 1 while
Nne1(y) = Ma(y) incasey # &,

(c) Casen e A,.
Let Fy41 = Fy and 71,41 = 4.

(d) Casen € As.

In here, |Fy41] = |[Fo| + L 041 1 Fy = 1, | F,, and in the new point #,,,1 takes
value 0.

2<w

We now recursively define a tree Y € as follows:

1. JeY.

2. LetseY,.
(a) If Fy41 = F,, then 570 is the only immediate successor of sin Y.
(b) If F,,;1 # F,,, thens"0,s"1€ Y.

We now recursively construct an a-fusion tree T = {p, | s € Y} € P, n M with the
following properties’:
L pg<p.
2. If seY,, then ps is (Fy,, %, i)-faithful. Define K (ps)=U{x[ps*0c]|oe
I znn(y)}.

yeF,

3. Ifs€ Y, and j € sucy(s), then ps-; <i . ps.

4. Ifse Yand j€sucy(s), then K (psﬁj) is an end-extension of K (p;) .

5. If seY and s70,s"1 € Y, then K (ps~o) and K (ps~1) are two end-extensions of
K (ps) and cmin (K (ps-0) » K (ps-1)) = i.

6. Letn € wand assume {p; | t € Y, } hasalready been constructed. We will now build
the items for the nodes in Y. Let s € Y,,, we will define p,~; for I € sucy(s). We
are are assuming that {p; | t € Y, } is a (finite) a-fusion tree and p; is (F,, 74, 1)-
faithful. Let = max (F,) + L.

(a) Casen e Ay (recall that F,.4; = Fyy, 1441 = 1, and sucy (s) = {0}).
We want ps-g to be (F1, f1u41, i)-splitting at 8. This is possible by Lemmas
65 and 81.

(b) Case n € A; (recall that F,,4; = Fy,, 41 increases by one in just one point and

sucy(s) = {0}).

7Once again, we will identify the nodes in a fusion tree with the value of its last component. (see
Lemma 49).
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In here, we know that n — 1 € Ay, so by the previous case we know that p; is
(Fy, Mn> 1)-splitting at 8. We want ps-o such that ps-o | S = ps I fand ps-o is
(Fps1> fu+1, i)-faithful. This is possible by Lemma 82.

(c) Casen € A; (recall that Fy,.y = Fyy, 141 = f1n and sucy(s) = {0}).
We want ps-g to be (Fyi1, u41, i)-splitting at . This is possible by and
Lemmas 65 and 81 (this point is the same as in the case where n € Ay).

(d) Case n € Aj (recall that |Fyy4q| = |Fu| + L, fjns1 1 Fy = 51, 1 Fy, in the new point
Hn+1 takes value 0 and sucy(s) = {0,1}).
In here, we know that n —1 € A,, so by the previous case, we know that p; is
(Fy, 1, i)-splitting at 3. For each s € Y, choose p? and p! that witness that
ps is (Fy, 11, 1)-splitting at f.

Let T ={p; I |t € Yen}, which we know is a B-fusion tree. Apply Lemma

65 to find {p,., | t € Y, Al € 2} a B-fusion tree extending T (in the statement
of Lemma 65, we can take D, = Pg for every f € Y,). Define ps- = p_-,p? |

(B @) and pe1 = py-y 5 | [, @)
Using the faithfulness of the conditions, it is easy to see that K (p;) is an i-

monochromatic tree. Furthermore, we know that K (ps-~¢) and K (ps-1) are two end-
extensions of K (p;) and cmin (K (ps~0), K (ps~1)) = i. In this way, K = U K (p;) is
seY

an i-monochromatic tree, which is an element of V. By Lemma 62, there is p € P,
compatible with T and R a name for a branch through T such that p forces R
to be contained in the generic filter. It follows that p I+ “x € [K],” which is what
we wanted. ]

After all our hard work, we can finally prove the main result of the paper:
Theorem 84  The inequality hm < u is consistent with the axioms of ZFC.

Proof We start with a model V of the Generalized Continuum Hypothesis. We
perform a countable support iteration (P, Q, | & < w,) such thatif & < w, then P, I~
“Qg = S(U,, )” where U, is a P,-name for an ultrafilter. Furthermore, with a carefully
chosen book-keeping devise we can make sure that P, I- “u = w,.” By the results in
the last sections, we know that P,,, preserves cmin-covering, so Py, I- “hm = w;.” =

7 MAD families in the Shelah model

By the Shelah model, we mean an iteration as in the last theorem. We already know
that hm = w; holds in such model, so all the cardinal invariants in the Cichon diagram
are small. Furthermore, in that model u =w; and i = w; (see [13]). The only one of the
usual cardinal invariants that is missing to compute a. In this last section, we will
prove that there is a MAD family of size w; in the Shelah model. As mentioned in the
introduction, in recent work with Cruz-Chapital et al., we obtained a different proof
of this result (see [12]).

Let f, g € w, define f <* gifand only if f(n) < g(n) for all n € w except finitely
many. A family D € w® is a dominating familyif for every f € w®, there is g € D such
that f <* g. The dominating number 0 is defined as the least size of a dominating
family. In [10], Hrus$ék introduced a diamond principle for the dominating number:
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O 'There is a sequence (d, | a < w;) where d,, : « — w such that for every f:
w; — wtheset {a>w| f I a <* d,} is nonempty. The sequence is called a -
sequence.

Above, f I « <* d, means that the set {& < a | dy (&) < f (&)} is finite. It is easy
to see that &4 implies that 0 = w;. It is an old problem of Roitman if 0 = w; implies
a = w;, however, Hrusak proved the following:

Proposition 85 [10] &y implies a = w;.

In order to show that a = w; holds in the Shelah model, we will prove that <5 is
true in there. Recall that < is the following statement:

OThere is D ={Dy | @ € w1} with D, C « such that for every X € w;, the set
{a| Xna=D,} is stationary.

We will use <> in order to construct a Op-sequence for the Shelah model. By
LIM (w; ), we denote the set of all countable limit ordinals. We start with the following:

Lemma 86 Let V =< and k a large enough regular cardinal. There is a sequence
(Mo, pas fa))aeLim(wr) Stich that for every o < w; the following holds:

1. M, is a countable elementary submodel of H(x) such that sz,pa,fa € M, (where
P, is the iteration of the Shelah forcing).
2. pa€Py,and po I+ “fo: 01 — @.”

With the property that for every p € P,,, and f such that p - “f : 0, — w,” there
are countable N < H(k) and a < w; such that the following conditions hold:

1. Po,,p, f €N.
2. My Nnwy = «a. . .
3. The structures (N, €,P,,, p, f) and (Mg, €, Py, pa> fo) are isomorphic.

Proof Using <, we can find a sequence (4 = (&, >q, Py, o> g ))MLIM(M) such that
for every structure 2 = (w;, >, P, 7, h) there are stationary many « such that 2, is a
substructure of 2(. Given « a limit ordinal, in case there are a countable M <H(k), p €
P,,, f suchthatP, ,p, fe M\, Mna=a,pi-“f:w, — w”and (M,¢,P,,, p, f) is
isomorphic to 2, then we choose one of them and define M, = M, p, = pand f,x = f .
If there is no M satisfying those properties, we just take any (Mg, pa, f«) satisfying
the properties 1 and 2. We will now prove D = {(My, pa> fo) | @ € LIM (w;)} has the
desired properties.

Let peP,, and f such that pI-“f:w, — w.” Recursively, we build
{Ny| & <w;} a continuous €-chain of countable elementary submodels of H(x)
such that p,f, Py, € No. Let N = U N, since N has size w; then we can define a

AEwW;
structure 2 = (wy, >, P, 7, h) that is isomorphic to (N, €, P, p, f). Let F: w; — N
be an isomorphism.

It is easy to see that {a € LIM (w) | Ny Nw; =aAF[a]=N,} is a club. In
this way, we can find « such that F[a] = N,, Ny N w; = a and 2, is a substruc-
ture of 2. Note that N,, p and f satisfy the conditions of the definition at step
a®, SO (M“,E,sz,pa,fa) is isomorphic to 2, hence it is also isomorphic to
(N,&P,,, p, f) (of course it might be the case M, = N, but this is highly unlikely).m

https://doi.org/10.4153/50008414X21000614 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000614

The ultrafilter number and hm 529

With the lemma, we can now prove the following:
Proposition 87 <y holds in the Shelah model.

Proof It is well known that we may assume that & holds in V. Fix a sequence
((Ma,pa,fa))“EuM(wl) as in the previous lemma, we will now define D =
{do a0 — w|a<w}.In case MyNw; # a, let dy be any constant function. Fix
a such that M, N w; = a, we will see how to define d,,.

Let L ={(F,,%,)|ne€w} that is (M,,w;)-suitable. Fix an enumeration a =
{an | n € w}. For every B < a define Dy = {q | In(q - “fu(B) = n”)} and recall that

the set Dg(F,q) ={q|VoeTl 2”(5)3ng(q x 0 IF“fou(B) =n")} is (F,n)*-open
8eF

dense and it is an element of M,. We can build a fusion tree T = {p, | s € 2°“} with
the following properties:

1. PQ) = Pa- o
2. If s € 2"* then p, € Dgn(Fn, Mn)-

Define d, : « — w such that if # € w then p, - “fy(a,) < dy(ay,)” for every
s € 2", We will prove that D = {dy : &« — @ | & < w;} will be a <>a “sequence after
forcing with P,,. Let peP,, and f such that p - “f:w; — w.” Applying the
previous lemma, we can find a countable N for which P, p, f € N and « < w such
that M, N w; = & and the structures (N, €,P,,, p, f) and (M, ¢, ]P’wz,p,x,f,x) are
isomorphic. Let H : M, — N be theisomorphism. Let F}, = H(F, ) and %}, = H(#,).
Let L = {(F,,1,) | n € w}. For every s € 2 define p¢ = H(ps). In this way, pj, = p
and it is easy to see that T” = {p’ | s € 2°“} is a fusion tree.

Let g be compatible with T’ (which is obviously an extension of p). We will now
prove that g I+ f Pa<d,” Letnewands e 2", since p; I+ “fa(an) <dy(ay)” it
follows that p I- “f(a,) < dy(a,).” Finally, since q is compatible with T", it follows
that {p’ | s € 2"} is predense below ¢, s0 g I- “f () < do(Bn).” ]

8 Open questions

We do not know the answer to the following:
Problem 88 Can a generic filter for S(U) be reconstructed from the generic real?

Much of the work in this paper would be simplified if S(U) was an Axiom A
forcing, so we could ask the following:

Problem 89 Let U be an ultrafilter. Is it possible to give S(U) an Axiom A structure?

Unfortunately, we conjecture that this is not possible. An iteration theorem would
greatly simplify the work in this paper, as well as in [7, 9]. We could ask the following:

Problem 90 If P preserves Cpin-covering and P -Q preserves Cpin-covering, ” is it
true that P * QQ preserves Cmin-covering?

Problem 91 1f § is a limit ordinal, (P,, R, | a < &) is a countable support iteration of
proper forcings such that each [P, preserves cmin-covering, is it true that Ps preserves
Cmin-covering?
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It might be possible to use the results from chapter VI of [14] to prove an iteration
theorem for preserving cmin-covering, but we were unable to do so.
We do not know the answer to the following question:

Problem 92  Are there P-points in the Shelah model of i < u?

We conjecture that the answer is negative. It might be possible that similar ideas
to the ones used in [6] can be used to prove that there are no P-points in the Shelah
model, but we were unable to prove it.
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